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TATSUYA ASAI where C is the Euler constant and h(z) = -A\og\η{z)\\ η{z) being the Dedekind -function. It is well-known that the function η{z) is a holomorphic cusp form of dimension --=-with respect to L, but we here notice only the following properties of the non-holomorphic function h(z) itself.
I. h(z) is a real-valued, real analytic function of two real variables
x,y(z = x + iy) 9 and vanishes by the Laplace-Bel trami operator here y{z) = (y(zj)) and Ny(z) = [lί^yizj) 6 '; e 5 The harmonic modular form h{z) is in general expressed by the modified Bessel function in the Fourier expansion form, and so we may find the close relationship to the non-holomorphic automorphic functions defined by Maass. Actually, it seems possible to construct the theory of Maass' type in the case of Hubert modular groups, but we shall not make further discussion on this subject in this paper.
For the purpose of emphasizing that the concept of the harmonic modular form is very naturally introduced, we would like to start our consideration by calculating the inverse Mellin transform of ζ F {s)ζ F {s + 1) in the case of F being the Gauss' number field (in §1). The Eisenstein series E(z, s) in the general case will be defined in § 2, and there we shall mention about the holomorphic continuation and the functional equation. In § 3 the main theorems about the Kronecker's limit formula will be proved, containing the discussion on the Dirichlet series associated with the harmonic modular form. Throughout this paper, we restrict our consideration only in the case of the class number one, but this does not essentially lose the generality. It, however, becomes some complicated in the general case; for instance, we must deal with many numbers of Eisenstein series and harmonic modular forms of a vector type.
In the case of totally real number fields our limit formula seems in substance the same one of Konno ([6] ), or Katayama ([5] ) in the real quadratic case. But it seems that they did not catch the harmonic modular form explicitly, and really, Hecke who originally studied on these problems did seek after "die zu \ogη(z) analogen Funktionen", though we choose the simpler way to seek after "diezu log\rj{z)\ analogen Funktionen" by contrast.
The author got many hints especially from Kubota ([7] ) and Siegel ( [11] ); from the former as to the quaternion-upper-half-space and the Eisenstein series corresponding to it, and from the latter as to the manner of dealing with the limit formula itself. From the functional equation of the zeta function Z(s), we can derive
Further, as is immediately observed from the properties of Z(s), the function Φ{s) is holomorphic in the whole s-plane except one double pole at s = 0 and two simple poles at 5 = + 1, and bounded in σ-^Re s ^σ where the function f(y) is defined by the absolutely convergent series:
At the same time we also have the inversion formula:
In this expression, we can change the path of integration Re s = σ to Re s = -σ. Namely, from the properties of the meromorphic function Φ(s) mentioned above, it follows that
Further, from the functional equation
These relations shows that (1) where we put
ow in the classical case of Weil, the function corresponding to g(y) can be holomorphically continued to be a modular form -4 log^ z) on the complex-upper-half-plane. In our case, how can we make the function to be a modular form? This problem is not so obvious, for there are no holomorphic solutions on the complex-upper-half-plane. We can, however, give a natural solution of the above problem on the quaternion-upper-halfspace.
Before presenting this modular form, we must recall something about the quaternion-upper-half-space. (It is described more precisely in Kubota [7] .) The quaternion-upper-half-space H q is a three dimensional hyperbolic space which is realized as the set of all quaternion numbers z = (f ~~^) such that x is any complex number and y is any positive real number. The group SL{2,C) (C: the complex number field) naturally operates on H q as follows: We are now ready to answer the above problem:
Then the following properties hold: Combining this with the lemma for the case 5 = 1, we obtain 
For the transformation A we must show k{z) = 0, where
As is stated in the equation (1), we know 
h{z) dx
And so,
Further,
from (2) Since the function k(z) is real analytic with respect to variables x, x and y, k(z) has a power series expansion:
From (3), (4) and (6), we can first get
From (5) and (6), we can derive
for every m 9 n^O. Combining (7) with (8), it follows inductively that 
Thus the series (10) is almost the same as the series (11), and so we shall call the series (11) the non-holomorphic Eisenstein series, too. Actually, the series (11) can be regarded as a type of the Epstein zeta function, and for this advantage we hereafter deal with the Eisenstein series (11) mainly. The Eisenstein series E(z, s) converges absolutely also in the half plane Re s>l, and it can be holomorphically continued to the whole s-plane; and it becomes regular except only a simple pole at s = 1. This can be shown directly by using the binary Hecke's theta formula in the similar manner of Tamagawa ([12] ). It, however, is convenient for our purpose to show it by the some different method, and this method is like one to calculate the Fourier expansion formula of the Eisenstein series in the Q-case by Maass.
2-2.
Before the calculation, it should be recalled the assumption that the class number of F is one. In particular, we can justly denote by o*=(α>) the inverse different, and then iVo*" 1 = \Nω\~x = Δ is nothing but the absolute value of the discriminant of F. We first decompose the summation in (11) as follows: Here ^(ί) stands for the Hecke's theta function:
hence by the transformation formula it becomes
Since the summation can be changed over again as follows: We should remark that the symbol { , }' has a slightly different meaning from { , }, i.e. {μ,v}' is a class of pairs (,«,v)60XD under the equivalence relation (μ, v)~(^ε, vS' 1 ) for a unit ε.
Nμ
Now it is not difficult to see that the right-hand-side of the expression (13) defines a holomorphic function on the whole s-plane. This shows that the holomorphic continuation of E{z, s) is accomplished. Furthermore, from two well-known functional equations:
where G(s) denotes the gamma-factor of the Dedekind zeta function, i.e.,
G(s) = J and
we can easily derive the functional equation for the Eisenstein series E(z,s):
where the gamma-factor G(s) is the same one defined above. § 3. The Kronecker's limit formula for the non-holomorphic Eisenstein series
We are now ready to mention about the Kronecker's limit formula. As explained in § 2, the Eisenstein series E(z, s) has a simple pole at 5 = 1. We here want to give the explicit form of the residue and the constant term in the Laurent expansion of the Eisenstein series at 5 = 1. The residue can be immediately obtained from the residue of the Dedekind zeta function, and there appear the function which is quite analogous to log 117(2) | in the constant term.
3-1. As we have already had the expression (13), there remains no difficulty in the calculation in the sequel.
The first and the third terms of the right-hand-side of the formula (13) are both regular at 5 = 1. Namely, in the neighbourhood of 5 = 1, we have 
+O(\s-1\).
The second term in (13) has a simple pole at s = 1, and the following formulas are well-known or easily to be checked:
where w is the number of roots of the unity in F and R denotes the regulator of F. i , 1 is the constant which is
not completely clarified yet in the general case. From these formulas the second term becomes
+ O(\s-1\).
Combining these expansion formulas (14), (15) and (16) Combining these properties with the Laurent expansion of the Eisenstein series:
we can derive for any σ = (? £W.
We call the function h(z) the harmonic modular form on ^ for the reason of these two properties. It should be remarked that the harmonic modular form h{z) can be expressed without the aid of the modified Bessel function if the number field F is totally real. Really, we know that K 1 (υ) = Λ -e~v, but K^v) is not an elementary function. Also it should be noted that the defining expression (18) of h(z) can be essentially regarded as the Fourier expansion of one. In fact, because of the propety II, h(z) is invariant by translations Xj -> x } + μ (i) for all j«εo, hence h(z) has the Fourier expansion of the series e 2κiS^ωx \ as is readly derived from the very expression (18).
3-2. We lastly consider the Dirichlet series associated with the harmonic modular form h{z). In order to clarify the meaning of "associated" we must start by recalling the Mellin transform in our case. Let R+ be the multiplicative group of all positive real numbers, and Y be the product group of r x + r 2 copies of /?+, i.e., Let U denote the group generated only by the fundamental units ε 19 ,e r (r = r 1 + r 2 -1) of the number field F. The groups JR+ and U operate on Y in natural way, i.e., As is well-known (Hecke [2] ), the group A is isomorphic to Z r \ the product group of r copies of the additive group Z of all rational integers. Actually, if we start from the equations (30), we may obtain the property II of Theorem 4, in principle, without any help of the Eisenstein series.
Moreover, the property I can be also proved directly by the method as in § 1, and consequently all the assertions of Theorem 4 can be directly
verified. This method is closely connected with Maass' theory of nonholomorphic automorphic functions.
